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Abstract 

We prove an inversion identity for the open AdS/CFT SU quantum spin chain 
which is exact for finite size. We use this identity, together with an analytic ansatz, to 
determine the eigenvalues of the transfer matrix and the corresponding Bethe ansatz 
equations. We also solve the closed chain by algebraic Bethe ansatz. 
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1 Introduction 



The factorized S'f/(2|2)-invariant bulk S'-matrix [HEllS] plays a central role in understanding 
integrability in the closed string/spin chain sector of AdS/CFT. Indeed, this S'-matrix can 
be used to derive [2[ IH [5] the all-loop asymptotic Bethe ansatz equations (BAEs) [6] and 
to compute finite-size effects [7]. The corresponding factorized boundary S'-matrices [8]-[T3] 
should play a parallel role in the open string/ spin chain sector. The commuting open-chain 
transfer matrix, which is constructed from both bulk and boundary S'-matrices, was recently 
formulated (following [20]) in [21]. Determining the eigenvalues of this transfer matrix, 
which has yet to be accomplished, is the key technical step to determining the corresponding 
all-loop BAEs. 

A simpler S'?7(l|l)-invariant bulk S'-matrix (which is in fact a submatrix of the SU{2\2) 
S'-matrix) was found in [6l [22] , and a corresponding boundary S'-matrix was found in [21] . 
The purpose of this paper is to determine the eigenvalues and BAEs of the open-chain 
transfer matrix constructed from these S'-matrices [21]. We expect that this computation 
will serve as a useful warm-up exercise for the more realistic SU {2\2) case. 

An essential element of our computation is the derivation of an inversion identity for the 
transfer matrix t{p), namely, 

t(p)t(-p) =Ao(p)Ao(-p)I, (1.1) 

where Ao(p) is a known scalar function, which is an exact equation for a chain of finite size 
L. Similar relations (although not necessarily exact for finite size) have long been known for 
various lattice models [23l[2l]. Together with a suitable analytic ansatz (see, e.g., [25]-[3T]). 
the transfer matrix eigenvalues and associated BAEs can then be obtained. 

The outline of this paper is as follows. In Section [2] we review the construction of the 
transfer matrix. In Section [3] we obtain the eigenvalues and BAEs of the transfer matrix. We 
also work out the weak-coupling {g 0) limit. We briefiy discuss these results in Section 
m There are several appendices. In Appendix [A] we solve the closed chain (using algebraic 
Bethe ansatz), since we use the form of this solution to help formulate the analytical ansatz 
for the open chain. We compute the pseudovacuum eigenvalue in Appendix [Bl We present 
a proof of the inversion identity in Appendix [C], and we prove in Appendix [D] a crossing-like 
identity for the transfer matrix, the dressing function being compatible with this identity. 



^For earlier work, see [Tl]-[l9j and references therein. 
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2 The transfer matrix and its properties 



The basic building blocks from which the open-chain transfer matrix is constructed are bulk 
and boundary S-matrices. We begin this Section by reviewing these S'-matrices. We then 
briefly review the construction of the transfer matrix and present its important properties. 



2.1 Bulk ^-matrix 

The SU{1\1) bulk ^-matrix is given by PE2] S 



n t7 

S{pi,P2) 



U 1^X2 ^2 ) X2 



\ 

where xf = x^{pi), Ui = uj{pi). This S'-matrix is regular, 

S{p,p) oc P, 



\ 





1 -^2 / 



(2.1) 



(2.2) 



where V is the graded permutation matrix, 



«J=1 



(2.3) 



where Cij is the usual elementary 2x2 matrix whose matrix element is 1, and all others 
are zero; and the parity assignments are p(l) = 0, p{2) = 1. It has the unitarity property 



Sl2{pl,P2) S2l{p2,Pl) = (X]^ - X2 )(X^ - ) I (g) I 



(2.4) 



where S21 = V12 S12 V12 and I is the two-dimensional identity matrix; and it satisfies the 
graded Yang-Baxter equation (YBE) [32] 



5'l2(Pl,P2) 5'i3(pi,P3) S2-i{p2,Pz) = 5'23(P2,P3) 5'i3(pi,P3) 5*12(^1,^2) 



(2.5) 



where 



5*12 — S" ® I , 5*13 — V23 S12 V23 , S23 — V12 Si3 Vi2 , 



(2.6) 



^We are not concerned here with overall scalar factors. 
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and Vi2 = V Voj = I ^V. The bulk S'-matrix does not have, to our knowledge, true 
crossing symmetry. □ However, it does obey the "crossing-like" relations 

Si2{puP2) = or'i Si2{puP2)(ri ^ _, (2.7) 

Sll{puP2) = cxliSu{puP2)^l ^ , (2.8) 

which imply PT symmetry 

^If (pi,P2) = -afayS2i{p2,Pi)cTyaf, (2.9) 

■th 



where ti denotes super-transposition [33] in the r space, 

A'=f2i-^r^'^^''^'^''''^'^^ if ^= E^..e,,, (2.10) 

i,j=l i,j=l 

and the subscripts xf , indicate that one has to exchange x~^{pi) with x~{pi) in the 

S'-matrix. Moreover, af is the second Pauli matrix in space i. 

As noted by Beisert and Staudacher the YBE is satisfied without imposing any 
constraint between x~^{p) and x~{p), and without specifying uj{p). For convenience, we 
henceforth set 

uj{p) = l, (2.11) 
or equivalently, we gauge uj{p) away by performing the gauge transformation 



Si2iPi,P2) G'i(pi)G'2(p2) 5*12(^1,^2)^2(^2) G'i(pi) with G{p) 



uj{p) 
1 

(2.12) 

If we regard x^{p) as the usual functions satisfying 

x~^ + ^-x-- — = -, — = e*^ (2.13) 

x+ X g X 



•^For the SU{M\N) Yangian ^-matrix S{u) = ul + iV, one can argue that crossing symmetry 

S%iu + ,]) = ASi2{u) 

is possible only for \M — iV| = 2. Indeed, canceling the u's and squaring both sides, one obtains 

{T]I + iV'')^ = {iAVA-^f = -I. 

Using the fact {V^^f = [M - N)V*\ it follows that ^ ±i ,M - N = ±2. 

''This transformation does not modify the eigenvalues of the transfer matrix, which we define in Sec. 
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then the weak-couphng hmit corresponds to setting 

x^ = -{u±il2), (2.14) 
9 

and then letting (7 — + 0. In this hmit, the ^-matrix (12. ip evidently reduces [6J to the well- 
known S'?7(l|l) "Yangian" S'-matrix, 

S{pi,P2) ^^S{ui-U2) , S{ui - U2) = {ui - U2)l + iV , (2.15) 

where Ui = u{pi). 

2.2 Boundary S'-matrices 

The right boundary S'-matrix is given by the diagonal 2x2 matrix [21] 

R~{p) = diag (a — x~^{p) , a + x~{p)) , (2-16) 

where a is an arbitrary boundary parameter. It satisfies the (right) boundary Yang-Baxter 
equation [SU [35] 



Sl2iPl,P2) Rl (Pl) S2lip2, -Pl) R2 (P2) = R2 {P2) SuiPl, -P2) Rl (Pl) 5'21(-P2, -Pl) (2.17) 

without imposing any constraint between x~^{p) and x~{p) other than [8] 

x^{-p) = -x'^{p). (2.18) 

Moreover, the left boundary S'-matrix is given by [2T] 

R+{p) = R-{-p) =diag(6 + x"(p),6-x+(p)) , (2.19) 

where h is another arbitrary boundary parameter. 

In the weak-coupling hmit f l2.14p . the boundary S'-matrices reduce to 

R~ip) ^ -R'(u), R-(u) = (a-i/2)I-ua\ 
9 

R-^{p) -R^M, R~^(u) = (P -i/2)I + ua\ (2.20) 
9 

where we have set a = a/g and h = (3/ g. 
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2.3 Transfer matrix 

The open-chain transfer matrix is constructed from the bulk and boundary S-matrices as 

follows [Sni ED 

t{p;{P£}) = stToRo{p)%'{p;{pe}) 

= stio Rtip) Up ■{pe})Ro{p) Up -{pe}), (2.21) 

where T and T are a pair of monodromy matrices 

To{p;{Pi}) = Sol{p,Pl)---Soi{p,Pi) , 

To{p ; {pe}) = Sio{pu -p) ■ ■ ■ Slo{pl, -p) , (2.22) 

{pi, . . . ,pl} are arbitrary "inhomogeneities" associated with each of the L quantum spaces, 
the auxiliary space is denoted here by 0, and str denotes supertrace [36l [37| 138]: 

2 2 

str{A) = ^(-l)f»A,, = An - A22 for A = ^ A,^ e,, . (2.23) 
The transfer matrix is constructed to have the commutativity property 

[t(p;{M),^(?;{M)] = o (2.24) 

for arbitrary values of p and q. 

The transfer matrix also obeys the exact inversion identity 

t{p ; {Pi}) ti-p ; {pi}) = Ao(p ; {pe}) Ao(-p ; {pe}) I , (2.25) 

where Aq{p; {pe}) is the pseudovacuum eigenvalue. This identity can easily be verified nu- 
merically for small values of L, and we prove it by recursion on L in Appendix O 

In the weak-coupling limit fl2.14p with also xf = ^{ue ± z/2), the transfer matrix (12.211) 
becomes @ 

t{u ; {ui}) = stro R^{u)Sol{u - ul) ■ ■ ■ Soi{u - ui)Rq {u)Sio{u + ui) ■ ■ ■ Slo{u + ul) , (2.26) 
where the bulk and boundary 5- matrices are now given by (12.151) . (I2.20p . respectively. 



^We suppress the overall factor 1/g 



2L+2 
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3 Analytical Bethe ansatz 



As shown in Appendix [HI the pseudovacuum state consisting of all spins up 

r2 = ei (g) ei ® . . . ® ei where ei = f ] (3.1) 
^ V ' \0 J 

is an eigenstate of the open-chain transfer matrix fl2.2ip . with eigenvalue 

-{a + x+{p)){b-x+{p))Y[{x+{p)-x+{pe)){x+{p)+x-{pe))\ . (3.2) 



We make the "analytical ansatz" [25]- [31] that every eigenvalue of the transfer matrix 
can be expressed as an appropriately "dressed" pseudovacuum eigenvalue, 

A{p ■ {pe}, {A,}) = Ao{p ; {pe}) A^p ; {A,}) . (3.3) 

In order to determine the "dressing factor" A{p ; {Xj}), we make use of the inversion identity 
(I2.25p . which implies a corresponding identity for the eigenvalues, 

Hp ; {Pe}, {A,}) H-P ; {Pe}, {A,}) = Aoip ; {pe}) M-p ; {Pe}) ■ (3.4) 

It follows that the dressing factor must satisfy the constraint 

A{p;{X,})A{-p;{X,}) = l. (3.5) 

A natural conjecture is that the open-chain dressing factor A{p; {Xj}) can be expressed in 
terms of the closed-chain dressing factor A^^\p; {Xj}) (lA.12p . 

.r^n- _n/^ ^-(p)-^^(A.) \ f x-ip) + x+iX,) \ 

Aic){-p;{x,}) 1\[xHp) - xHX,) J Wip) + xHX,) J ' ^'-'^ 

which evidently is consistent with the constraint (13.51) . As discussed in Appendix |Dl the 
dressing factor (13.61) also obeys the crossing-like relation (ID. 120 . which provides a further 
consistency check. The dressing factor ( 13.60 obviously has poles at p = Xj. The requirement 
that the eigenvalues (13.31) be analytic implies that Xj must satisfy the open-chain BAEs 

a-x+iX,) \ f b + x+{X,) \ ^ f x+{X,)-x-{pe) \ f x+{X,) + x+{p,) \ ^ 
a + x+iX,)J [b-x+iX,)Jl\[x+iX,)-x+ip,)J [x+iX,) + x~ip,)J ' 

j = l,...,M, M = 0,1,...,L. (3.7) 
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We have checked the completeness of this solution numerically for up to L = 4. 

In the weak-coupling limit (12.141) . corresponding to the transfer matrix (12.261) . the solution 
(JS2D becomes 

Aiu ; {u,}, {^,}) = Ao(.. ; W) fl ' ' ' ) f , (3.8) 

where 

L 

Ao(m;{mJ) = —^^—-\{2a-2u-i){2f3 + 2u + t)Yl{u-ue + t){u + Ui + i) 

L 

-(2a + 2m + 2)(2^ - 2u - z) JJ (m - u^) (u + u^) } , (3.9) 

e=i 

and the BAEs are given by 

/ 2a - 2/i, - A / 2/? + 2/i^- + A -pr / - + A / + + A ^ ^ 
V2a + 2/i, +2y' V2/?-2/i, -^; Al 1^ /i, - V /"j + ' 

where we have also set Xj = fij/g. 



4 Discussion 

We have found an exact inversion identity for the open-chain transfer matrix constructed 
from the S'?7(l|l) S'-matrix [21 [22] and the corresponding boundary 5'-matrices [2I]. We have 
used this inversion identity to help determine the transfer matrix eigenvalues fl3.2p . (13. 3p . 
(13. 6p and the associated BAEs (13.71) . These BAEs are evidently of the free-Fermion type, as 
the various Bethe roots are not coupled. 

While it should also be possible to obtain these results via algebraic Bethe ansatz, we 
have instead pursued here the analytical Bethe ansatz approach, since the latter should be 
more manageable for the SU {2\2) case. An inversion identity may also hold for that case. 
Indeed, we have verified this numerically in the weak-coupling limit with R^{u) = I. 

Our proof of the inversion identity (for the SU{1\1) case) relies on recursion on the size 
of the chain. It would be interesting to find a more direct proof. Unfortunately, conventional 
fusion techniques for graded SU{n\m) chains [271 EO] do not seem to work for the n = m 
case (see e.g., [39]) which we consider here. 
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A The closed SU spin chain 

The commuting transfer matrix for the closed SU{1\1) spin chain is given by 

t^'\p;{pe}) = stToTo{p;{pe}), (A.l) 
where T is the monodromy matrix defined in (12.221) . which satisfies the fundamental relation 

Soo'ip, q) Tq{p ; {pi}) To>{q ; {pe}) = To'{q ; {pe}) To{p ; {pe}) Soo'{p, q) ■ (A.2) 

The eigenvalues of the transfer matrix can easily be determined by algebraic Bethe ansatz. 
As usual |10], we write the monodromy matrix as a matrix in the auxiliary space 

The pseudovacuum state (13.11) consisting of all spins up is an eigenstate of both A{j)] {pi}) 
and D{p]{pi}), 

L 

A{p-{p,})n = n(^"'(^^)-^'(^'^))^' 

£=1 
L 

D{p-{p,})n = \[{x+{p)~x+{p,))n. (A.4) 

1=1 

The fundamental relation flA.2p implies the relations § 

A{p-{p,})B{q-{p,}) = fip,q)Biq;{pe})A{p;{pe})+gip,q)Bip;{p,})A{q;{p,}) (A.5) 

D{p ■ {pe})Biq ; {p^}) = f{p, q)B{q ; {pe})D{p ; {pe}) + g{p, q)B{p ; {pe})Diq ; {p,}) (A.6) 



^We remark that the B operators do not commute: 



B{p ; {p,})Biq ; {p,}) = (^^-M-|1M^ Biq ; {p,})Bip ; {p,}) . 
A similar non-commutativity has been observed in other graded models, see e.g. [41] |42]. 
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where 



x^{q) — X (g) 



(A.7) 



Note that the same functions f{p, q), g{p, q) appear in both flA.51) and flA.6p . 

Consider the state obtained by applying a set of B operators with arguments Ai, . . . , Am 
on the pseudovacuum state, 

|Ai, . . . , \m) = 5(Ai ; {pi}) . . . B{\m ; {pi}) n . (A.8) 

This state is an eigenstate of the transfer matrix t^'^^p ; {pi}) = A(p ; {pe}) — D{p ; {pi}), 



t^'Kp ; {Pi}) |Ai, . . . , Am) = A(^)(p ; {p,}, {A,}) |Ai, . . . , Am) 



with eigenvalue 



where A.^q\p\ {pi}) is the pseudovacuum eigenvalue 

L L 

1=1 1=1 

A'^^\p] {Aj}) is the "dressing" factor 



(A.9) 



(A.IO) 



(A.ll) 



M 



A^'\p-A\}) = X{ 



X {p) — X^{\j) 
a;+(p) — a;+(Aj) 



(A.12) 



and {Aj} are solutions of the closed-chain BAEs 



n 



x+(Aj) - X (pi) 



j = l,...,M, M = 0,1,...,L-1 



(A. 13) 



,1 Va;+(Aj) 

We have checked the completeness of this solution numerically for up to L = 4. 

In the weak-coupling limit fl2.14p with also xf = ^{ue ± z/2), the closed-chain transfer 
matrix becomes 

t^''\u ; {ue}) = stro Sol{u - ul) ■ ■ ■ Soi{u - ui) , (A.14) 
where the S'-matrix is now given by (12.151) : and the solution (]A.10P - (]A.13P becomes 

L L 1 M 

=1 e=i J j=i ^ 

/ l^j -Uj + f 



A{u;{ui},{fXj}) 



U — fXj 



(A.15) 



^We suppress the overall factor l/g^. 



where we have also set \j = fij/g. This weak couphng hmit reproduces the results obtained 
for periodic spin chains based on SU{1\1) super- Yangian, see e.g. H3l 1311 H2] . 

We note that the closed-chain transfer matrix flA.ip does not satisfy an inversion identity 
of the form (11.11) . Nevertheless, it does satisfy the relation 

&\p ; {pe}) f^\p ; {pe}) = A^^b ; {pe}) ; {Pi}) I , (A.16) 

where the tilde ( ~ ) means that one should make the replacement x^{p) x^{p). The 
corresponding relation for the eigenvalues is evidently satisfied by the expression (lA.lOp . 



B Pseudovacuum eigenvalue 

We argue here that the pseudovacuum state Q (13. ip is an eigenstate of the open-chain transfer 
matrix t{p; {pi}) fl2.2ip . and we compute the corresponding eigenvalue Aq{p; {pe})- 

A direct calculation, usual in the context of open spin chain models, shows that Tq(p ; {pe}) 
is an upper triangular matrix. Then, a careful calculation of Rq{p) Tq'{p ; {pi}) ^ shows, af- 
ter taking the supertrace in the auxiliary space 0, that VL is an eigenvector of the transfer 
matrix with eigenvalue 

L 

Ao(p;{P£}) = (a - + x") ]^(a;+ - a;7)(a;+ + xl) 

L 

— {a + x~){h — x'^) 'Y\{x'^ — + x^) 

1=1 

L ( 

— "\ (a — x^){b — x^){x^ — X )(x/ — X£ ) 
e=i [ 

£-1 L ^ 

X J](x+ - x+)(x+ + X-,) n (^^ - ^~k){^^ + <)]■ (B.l) 

fc=l k=l+l ) 

We have used the notations 

x^=x^{p) and xf = x^{pi) , £=1,...,L. (B.2) 
This expression can be simplified in the following way. One first shows by recursion on L 
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that for any set of variables y and zf^ I = 1, . . . , L, one has the identity 

L t-l L 

2y Y^^zj - Z-) \[{y - zt){y + z-) J] (z/ " ^fc )(?/ + 4) 



k=l k=i+l 
L L 



\{{y - zi){y + 4) - - 4){y + ■ (B.3) 



Then, using this relation, one rewrites (]B.1|) as 



Ao(p;{p^}) = ^ <! (a - x+)(& + x+) JJ(3:+ - a:^ )(x+ + x+) 



-(a + - x+) - + a;7) I . (B.4) 

1=1 ) 

C Inversion identity 

We write the monodromy matrix with auxiliary space and quantum spaces 1, 2, . . . , L as 
a matrix in space 0: 

To^\p) = %iP'^ {Pi}) = Sol{p,Pl) ■ ■ ■ Soi{p,pi) Rq{p) Sio{pi, -p) ■ ■ ■ Slo{pl, -p) 



(C.l) 



A^...l{p) Br,„L{p) 
Ci...l{p) D,,„l{p) 
We remark that the monodromy matrix is unitary, 

%^'\p)%^'\-p)=PL{p)hl...L, (C.2) 

L 

Pl(p) = (a - x^){a + x^) Y\i^^ + " + ^e )i^^ ~ ^t) ^ (C-3) 

£=1 

which in components reads 

Ai...l{p) Ai,„l{-p) + Bi,„l{p) Ci...l{-p) = Pl{p) h...L , (C.4) 

Di...l{p) Di,„l{-p) + Ci...l{p) Bi,„l{-p) = Pl{p) h...L , (C.5) 

Ai...l{p) Bi...l{-p) + B,,„l{p) = , (C.6) 

Ci...l{p) Ai...l{-p) + D,,„l{p) C,...l{-p) = . (C.7) 
We decompose the scattering matrix in the same way: 

SoLip Pl) = \ ^^^'^'^^^ bL{p,pL)\^( aL{p) blip) . 
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where we have defined the 2x2 matrices 
with 

o^i{p,Pl) = x^{p) - x'{pl) ; Oi2{p,PL) = x'{p) - x'{pl) (C.ll) 

P{p,Pl) = x^{p) - x'{p) ; j{p,Pl) = x^{pl) - x'{pl) (C.12) 

^i{p,Pl) = x^{p) - x^{pl) ; h{p,PL) = x'{p) - (C.13) 
or in the weak couphng hmit (12.141) . 

= - — -^-tl ; a2{p,PL) = - — — ; P{p,Pl) = - = i{p^Pl) (C.14) 
9 9 9 

Si{p,Pl) = ; h{p,PL) = - — Y — " (Clb) 
The identity Slo{pl,p) = Sol{—p, —pi) leads to the decomposition 

Q ( \ ( ^ ^n^P.\ 

Slo{Pl,-P) = ^ , . - , . (C.16) 

\ cl{p) dL[p) j 

where for any function /(p) = fip^Pi), "we introduced f{p) = f{p, —pi)- 
The unitary relation for the ^-matrix (12.41) leads to 

aL+i{p)aL+i{-p) +bL+i{p)cL+i{-p) = -{x^ - xl^j^){x~ - xI^^)Il+i (C.17) 

dL+i{p) dL+i{-p) + CL+i{p)hL+i{-p) = - xj^^-^){x' - xl^-^) (C.18) 

aL+iip)bL+ii-p) + bL+iip) dL+ii-p) = (C.19) 

CL+i{p)aL+i{-p) + dL+i{p)cL+i{~p) = (C.20) 

Note that by changing pl+i to —pL+i, one gets a new set of relations where 'hatted' and 
'unhatted' functions are exchanged. For instance, relation (1C.17P leads to 



aL+i{p) aL+i{-p) + bL+i{p) CL+i{-p) = -{x + + xj^^) U+i (C.21) 



Then, the fundamental recursion relation 



% (p) = So,L+iip,PL+i)V ip)SL+i,oiPL+i,-p) (C.22) 
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leads to the following relations 

Ai,„L+i{p) = aL+i{p)aL+i{p) Ai,„l{p) - aL+i{p)cL+i{p) Bi,„l{p) 

+bL+i{p)aL+i{p) C,.„l{p) + bL+i{p)cL+i{p) D,,„l{p) , (C.23) 

5i...L+i(p) = aL+i{p)hL+i{p) Ai,„l{p) + ciL+i{p)dL+i{p) Bi,„l{p) 

+hL+i{p)dL+i{p)Di,„L{p), (C.24) 

Ci...L+i(p) = CL+i{p)aL+i{p) Ai,,,l{p) + dL+i{p)aL+i{p)Ci,,,L{p) 

+dL+i{p)cL+iip)D^,„Lip), (C.25) 

Di...L+i{p) = CL+i{p)bL+i{p) Ai,„l{p) + cl+i{p) dL+i{p) Bi,„l{p) 

-dL+i{p)hL+i{p) Ci...l{p) + dL+i{p) dL+i{p) Di,„l{p) , (C.26) 

where we have used the property ( 1C.31I) below. Let us stress that, in the r.h.s. of the above 
expressions, A, B, C and D act in spaces 1, . . . , L while a, b, c, d act in space L + 1. 

Using these expressions, it is a long but simple exercise to show by recursion on L that 
one has the following relations: 

Ai...Lip) Di...l{-p) ~ I1...L ; D,,„Lip) A,,„l{-p) ~ h...L (C.27) 

Ai...Lip) Ai,„Li-p) + Di,„l{p) Di,„l{-p) ~ (C.28) 

Ai...l{p) C,,..l{-p) + C^...l{p) Di...l{~p) = (C.29) 

A,,„l{-p) + Di,„l{p) Bi,„l{-p) = (C.30) 

where the symbol ~ denotes equality up to a multiplication by a (scalar) function. The case 
L = 1 can be checked directly. We show explicitly the recursion for the first equality, the 
other ones being proven in the same way. 

We suppose that flC.27l) - flC.30P are valid at a given L, and expand 



using expressions flC.23l) - flC.26l) . From unitarity relations (IC.4l) - flC.7p and recursion hypoth- 
esis ( 1C.27[) -( IC.30[) . one can eliminate terms Dl{p)Bl{—p), Dl{p)Cl{—p), Bl{p)Dl{—p), 
Cl{p)Dl{—p), Bl{p)Cl{—p) and Cl{p)Bl{—p) from any expression. We can also use the 
property 

c{p,pi) U c{q, qi) = = b{p,pi) U b{q, qi) , V p, qi for any diagonal matrix ?7, 

(C.31) 
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which is a generahzation of the nilpotency for the matrices b and c. In the same way, since 
b (respectively c) are lower (respectively, upper) triangular matrices, we have 

Vb{p,pi)Uciq,qi) = b{p,pi)Uc{q,qi)V (C.32) 
V c{p,pi)Ub{q,qi) = c{p,pi) U b{q,qi)V 

V p, q,pi, qi and for any diagonal matrices U and V. 

As a result, one gets 

Ai,„L+i{p) Di,„L+i{-p) = aL+i{p)aL+i{p) dL+i{-p) dL+i{-p) ^i...l(p) -Di...l(-p) 
aL+i{p) cl+i{p) dL+i{-p)bL+i{-p) + feL+i(p) aL+i{p) CL+i{-p) dL+i{-p)) Pl{p) 

+^L+i{p) (aL+i{p) Cl+i{-p) +Cl+i{p) c?L+i(-p)) dL+ii-p) Di,„l{p) Di,„l{-p) 

+aL+i{p) (aL+i{p) CL+ii-p) + cl+i{p) dL+ii-p)^bL+i{-p) Ai,„l{p) Ai,„l{-p) (C.33) 

{aL+i{p) CL+ii-p) + cl+i{p) dL+ii-p)^ dL+ii-p) Ai...l{p) Bi,„l{-p) 

+bL+i{p) (aL+i{p) Cl+i{-p) + Cl+i{p) c?L+i(-p)) ^L+i(-p) Ci,„l{p) Ai,„l{-p) 

h+iip)aL+iip) di+ii-p) dL+ii-p) + aL+iip)aL+iip) c?L+i(-p) &L+i(-p)) ^i...l(p) C'i...l(-p) • 



Using the explicit forms (]C.lip - (lC.13|) (or (1C.14|) - (]C.15|) if one is interested just in the weak- 



coupling limit), one can check that the following relations hold: 

cl+i(-p) + CL+iip) dL+i{-p) = (C.34) 

bL+i{p)aL+i{p) dL+i{-p) dL+i{-p) + a'L+i{p)aL+i{p) dL+i{-p)bL+i{-p) = (C.35) 

aL+i{p)cL+i{p) dL+i{-p)bL+i{-p) + bL+i{p)aL+i{p) CL+i{-p) dL+i{-p) ~ (C.36) 

aL+i{p)aL+i{p) dL+i{-p)dL+i{-p) ~ Il+i (C.37) 

where, as above, the symbol ~ denotes equality up to a multiplication by a (scalar) function. 
This proves that we have 

Ai,„L+i{p) Di,„L+i{-p) ~ I1...L+1. (C.38) 



Let us stress that in proving relation ( ]C.38I) . the identity I^+i appearing in ( ]C.36p and 



(]C.37p is essential to pass from Ii , ^ to I1...L+1 in the recursion. Note also that, apart from 
the relation fl2.18p . the explicit form of x^(p) is not needed in this calculation. 
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The other relations are proven along the same lines, and reduce to a long list of relations 
on a, b, c and d that have to be fulfilled. We checked all of them. Most of these relations 
are ensured by the unitarity relations flC.17l) - flC.20|) and the following quadratic ones: 



aL+i{p)aL+i{-p) - cl+i(p) &L+i(-p) = {x^ - ^^l+JI^^l+i " (C.39) 

di+iip) di+ii-p) - bL+i{p)cL+i{-p) = (x+ - xl_^-^){xl_^-^ - X') (C.40) 

di+iip) hL+i{-p) + bL+i{p) aL+i{-p) = (C.41) 

ttL+iip) dL+i{-p) = + xl^^){x~ + xj^^^) (C.42) 



For instance, once (1C.42|) is proved, (]C.35P reduces to the unitarity relation (IClOp . and 



(1C.37I) is trivially satisfied. In reducing the number of equations to be satisfied, properties 
(1C.31I) and (1C.32I) need also to be used. 



Some quartic relations, similar to (1C.36I) . remain to be checked directly. We verified all of 

them, they take two generic forms. To describe these two forms, we introduce the notation 

9{p) = bL+i{p) OT cl+i{p) (C.43) 

{h{p),£{p)} = {aL+iip),dL+iip)} OT {dL+iip),aL+iip)} (C.44) 

Then, one can check that 

h{p)g{p) a{-p)h{-p) + £{p)d{p) g{-p)e{-p) = (C.45) 

h{p)g{p)d{-p)h{-p)+i{p)a{p)g{-p)e{-p) = (C.46) 

together with 

Hp) Hp) H-p)c{-p) + c{p)b{p) i{-p) i{-p) ~ i (c.47) 

b{p)Hp)H-p)c{-p) + c{p)iip)ii-p)H-p) ~I (C.48) 

Hp)Kp) ci-p)H-p) + iip)cip)b{-p)i{-p) ~I (C.49) 

These relations also ensure that the relations ( lC.27P - fC.30p are fulfilled for L = 1. 
Once (1C.27I) - (1C.30I) are proven, it is easy to show that the transfer matrix 



Kp; {Pi}) = {b + x-{p)) Ai,„l{p) -{b- Di,„l{p) (C.50) 

obeys the following relation: 

t{p; {pe}) t{-p; {pe}) ~ Ii2...l. 
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To determine the normalization coefficient, we apply this relation onto the pseudovacuum 
Q. This leads to 

t{p; {pe}) t{-p; {pe}) = Ao(p; {pe}) Ao(-p; {pe}) I12...L • (C.51) 

Finally, let us remark that this proof is also valid in the weak coupling limit, i.e. for an 
open spin chain based on the SU{1\1) super- Yangian. Numerical investigations suggest that 
the inversion identity may also be valid for open spin chains based on SU{n\n) super- Yangian, 
with trivial boundary matrices R^{p) ~ I. 



D Crossing-like relation 



We show here that the open-chain transfer matrix obeys the crossing-like relation (]D.11|) . 
To this end, we use the S'-matrix property (12.91) to deduct 

T,(py.t....t, ^ (-l)^al...a\ayfo{-p)ayaf...al (D.l) 

fo(p)*"*-*- = (-l)^a^..aKTo(-p)aoV...ai (D.2) 

This implies that we have 

tip^-'- =ol...a\ str, [itM al fo(-p) al R, (p) To(-p) ^o^) af-.-al (D.3) 

Using cyclicity of the supertrace and the property 

a'oRoip)^'o = Roi-p) (D-4) 
we get a first relation on the transfer matrix 

tipy-'-=al...aft{-p)a\...al. (D.5) 

On the other hand, from the relation (12. Sp . one has 

UpY'-'^ = af...alToip) ^ al...af (D.6) 
UpY-'- = al...a\fo{p) , a\...al (D.7) 



^To streamline the notation, we omit the dependence on the inhomogeneity parameters. 
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so that one can compute 

= stro(fo(p)*«*-*^i?o-(p)To(p)*"*i-*^i?o^(p)^ 
= stro{ (fo(p)*°*-*^ R^{p)Y (To(p)*°*-*- 
= stro(i?o(p)To(p)*-*-i?+(p)To(p)*-*-) 
= a^..ars^ro{i?o(p)(fo(p)) , i?o^(p) fTo(p) 

= al...af stroja^ (To(p)^ ^^"^-^ 
Finally, using the relations 

we deduce 



(D.8) 



V V 

a'i ... a% 



a — »■ — a 



and CT^ (p) (jI = -R^{p) 



(D.9) 



(D.IO) 



Comparing this last equality with the relation (1D.5I) . we arrive at the desired result 



t{p) = t{p) 



x-^ ; a — ' — a 



(D.ll) 



This identity, applied to a transfer matrix eigenvector, leads to the following relation for the 
transfer matrix eigenvalue 



A(p) = A(p) 



.±^_.± : ; X+(\,)^-X+(\^) 



(D.12) 



Note the change of sign of the Bethe roots x+(Aj) induced by the BAE (13. 7p . Indeed, it 
is easy to check that if {x^{\j)} is a set of solutions of these BAEs for the parameters 
{x^, x^, a, 6}, then the BAE solutions for the parameters {— x^, — x^, —a, —6} are given by 
{-x+(A,)}. 

The same calculation can be done for the closed chain. One obtains 



m = {-ift{p) 



and A(p) 



-l)^A(p) 



(D.13) 



17 



References 



[1] 

[2] 



[3] 
[4] 



M. Staudacher, "The factorized ^-matrix of CFT/AdS," JHEP 0505, 054 (2005) 
|arXiv:hep-th/0412 188| . 

N. Beisert, "The su{2\2) dynamic ^-matrix," Adv. Theor. Math. Phys. 12, 945 (2008) 
|arXiv:hep-th70511082 |; 

N. Beisert, "The Analytic Bethe Ansatz for a Chain with Centrally Extended su{2\2) 
Symmetry," J. Stat. Mech. 0701, P017 (2007) |arXiv:nlin/0610017| . 

G. Arutyunov, S. Frolov and M. Zamaklar, 'The Zamolodchikov-Faddeev algebra for 
AdS5 X superstring," JHEP 0704, 002 (2007) (aiXivihep-th/OG 12229] . 

M.J. Martins and C.S. Melo, "The Bethe ansatz approach for factorizable centrally 
extended 5-matrices," Nud. Phys. B 785, 246 (2007) (arXiv:hep-th/0703086] . 

M. de Leeuw, "Coordinate Bethe Ansatz for the String S-Matrix," J. Phys. A 40, 14413 



(2007) [ arXiv:0705.2369j . 

N. Beisert and M. Staudacher, "Long-range PSU{2, 2|4) Bethe ansaetze for gauge theory 
and strings," Nud. Phys. B 727, 1 (2005) (arXiv:hep-th/0504190| . 

Z. Bajnok and R.A. Janik, "Four-loop perturbative Konishi from strings and finite size 
effects for multiparticle states," [arXiv:hep-th/0807.0399]. 

D.M. Hofman and J.M. Maldacena, "Reflecting magnons," JHEP 0711, 063 (2007) 
|arXiv:0708.2272] . 

H.Y. Chen and D.H. Correa, "Comments on the Boundary Scattering Phase," JHEP 
0802, 028 (2008) |arXiv:0712. 136 T]. 

C. Ahn, D. Bak and S.J. Key, "Reflecting Magnon Bound States," JHEP 0804, 050 



[7] 
[8] 
[9 
[10 

[11 

[12 
[13 



[14] B. Chen, X. J. Wang and Y. S. Wu, "Integrable open spin chain in super Yang-Mills 
and the plane- wave / SYM duality," JHEP 0402, 029 (2004) [arXiv:hep-th/0401016] . 



(2008) [ arXiv:0712.4144j . 

C. Ahn and R.I. Nepomechie, "The Zamolodchikov-Faddeev algebra for open strings 
attached to giant gravitons," JHEP 0805, 059 (2008) |arXiv:0804.4"036] . 

L. Palla, "Issues on magnon reflection," [ arXiv:0807.3646j . 

D. H. Correa and C.A.S. Young, "Reflecting magnons from D7 and D5 branes," 
f^iv:0808.0452] . 



18 



[15] D. Berenstein and S.E. Vazquez, "Integrable open spin chains from giant gravitons," 
JHEP 0506, 059 (2005) |arXiv:hep-th/0501078l . 

[16] T. McLoughlin and I. Swanson, "Open string integrability and AdS/CFT," Nucl. Phys. 
B 723, 132 (2005) [arXiv:hep-th70504203] . 

[17] A. Agarwal, "Open spin chains in super Yang-Mills at higher loops: Some potential 
problems with integrability," JHEP 0608, 027 (2006) |arXiv:hep-th /0603067| ; 
K. Okamura and K. Yoshida, "Higher loop Bethe ansatz for open spin-chains in 
AdS/CFT," JHEP 0609, 081 (2006) [arXiv:hep- th/0604100]. 

[18] N. Mann and S.E. Vazquez, "Classical open string integrability," JHEP 0704, 065 
(2007) [arXiv:hep-th/0612038] . 

[19] N. Beisert and F. Loebbert, "Open Perturbatively Long-Range Integrable gl{N) Spin 
Chains," [ar2£ivi0805.3260]. 

[20] E.K. Sklyanin, "Boundary conditions for integrable quantum systems," J. Phys. A21, 
2375 (1988). 

[21] R. Murgan and R. I. Nepomechie, "Open-chain transfer matrices for AdS/CFT," JHEP 
0809, 085 (2008) [ arXiv:08 08.2629]. 

[22] N. Beisert, "An S'f/(1|1)-Invariant S'-Matrix with Dynamic Representations," Bulg. J. 
Phys. 33S1, 371 (2006) |arXiv:hep-th/0511013| . 

[23] Yu. G. Stroganov, "A New Calculation Method For Partition Functions In Some Lattice 
Models," Phys. Lett. A 74, 116 (1979). 

[24] R.J. Baxter, Exactly Solved Models in Statistical Mechanics (Academic Press, 1982). 

[25] N. Yu. Reshetikhin, "A Method Of Functional Equations In The Theory Of Exactly 
Solvable Quantum Systems," Lett. Math. Phys. 7, 205 (1983); 

N. Yu. Reshetikhin, "The functional equation method in the theory of exactly soluble 
quantum systems," Sov. Phys. JETP57, 691 (1983); 

N. Yu. Reshetikhin, "The Spectrum of the Transfer Matrices Connected with Kac- 
Moody Algebras," Lett. Math. Phys. 14, 235 (1987). 

[26] R. Yue and T. Deguchi, "Analytic Bethe Ansatz for 1-D Hubbard model and twisted 
coupled XY model," J Phys. A 30, 849 (1997) |arXiv:cond-mat /9606039] . 



19 



[27] Z. Tsuboi, "Analytic Bethe ansatz and functional equations for Lie superalgebras sl{r + 
+ 1)," J. Phys. A30, 7975 (1997); 
Z. Tsuboi, "Analytical Bethe ansatz and functional equations associated with any simple 
root systems of sl{r + l\s + 1)," Physica A252, 565 (1998). 

[28] A.V. Belitsky, "Analytic Bethe Ansatz and Baxter equations for long-range psl{2\2) 
spin chain," Nucl. Phys. B 793, 363 (2008) [arXiv:0706.4121]; 

A.V. Belitsky, "Fusion hierarchies for J\f = 4 superYang-Mills theory," Nucl. Phys. B 
803, 171 (2008) |arXiv:0803.2035j . 

[29] L. Mezincescu and R. I. Nepomechie, "Analytical Bethe Ansatz For Quantum Algebra 
Invariant Spin Chains," Nucl. Phys. B 372, 597 (1992) [ arXiv:hep-th/9110050] . 

[30] D. Arnaudon, J. Avan, N. Crampe, A. Doikou, L. Frappat and E. Ragoucy, "General 
boundary conditions for the sl{N) and sl{M\N) open spin chains," J. Stat. Mech. 8, 
36 (2004) [arXiv:math-ph/0406021] . 

[31] E. Ragoucy and G. Satta, "Analytical Bethe ansatz for closed and open gl{m\n) 
super-spin chains in arbitrary representations," JHEP 09 (2007) 001 [arXiv:hep- 
th/0706.3327]. 

[32] P.P. Kulish and E.K. Sklyanin, "Solutions of the Yang-Baxter equation," J. Sov. Math. 
19, 1596 (1982). 

[33] V. Rittenberg, "A guide to Lie superalgebras," in Lecture Notes in Physics 79, eds. P. 
Kramer and A. Rieckers, Springer- Verlag (1978). 

[34] I.V. Cherednik, "Factorizing particles on a half line and root systems," Theor. Math. 
Phys. 61, 977 (1984). 

[35] S. Ghoshal and A.B. Zamolodchikov, "Boundary ^-Matrix and Boundary State in Two- 
Dimensional Integrable Quantum Field Theory," Int. J. Mod. Phys. A9, 3841 (1994) 
|arXiv:hep-th/9306002j . 

[36] P. Freund and I. Kaplansky, "Simple super symmetries," J. Math. Phys. 17, 228 (1976). 

[37] W. Nahm and M. Scheunert, "On the structure of simple pseudo Lie algebras and their 
invariant bilinear forms," J. Math. Phys. 17, 868 (1976). 

[38] V.G. Kac, "Lie superalgebras," Adv. Math. 26, 8 (1977); 

V.G. Kac, "A sketch of Lie superalgebra theory," Commun. Math. Phys. 53, 31 (1977). 



20 



[39] M.L. Nazarov, "Quantum Berezinian and the Classical Capelli Identity," Lett. Math. 
Phys. 21, 123 (1991). 



[40] L.D. Faddeev, "How Algebraic Betlie Ansatz works for integrable model," in Symetries 
Quantiques, Les Houches summer school proceedings 64, eds A. Connes, K. Gawedzki 
and J. Zinn- Justin, North- Holland (1998) [arXiv:hep-th/9605187] . 

[41] P. Kulish, "Integrable graded magnets," J. Sov. Math. 35, 2648 (1986). 

[42] S. Belliard and E. Ragoucy, "Nested Bethe ansatz for 'all' closed spin chains," J. Phys. 
A41, 295202 (2008) [ar Xiv:0804.2822j . 

[43] V. Kazakov, A. Sorin and A. Zabrodin, "Supersymmetric Bethe Ansatz and Baxter 
Equations from Discrete Hirota Dynamics," arXiv:hep-th/0703147|. 



21 



